
ON d-VERY AMPLE LINE BUNDLES ON ABELIAN SURFACES

YOSHIAKI FUKUMA∗

��������� Let (X, L) be a polarized abelian surface over an algebraically closed

field k. We give a geometric characterization of (X, L) such that (1) L is not spanned

with L2 ≥ 6, (2) X is defined over k with char k �= 2, and L is spanned but not very
ample with L2 ≥ 10, (3) X is defined over � , and L is very ample but not 2-very

ample with L2 ≥ 14, and (4) X is defined over � , and L is 2-very ample but not
3-very ample with L2 ≥ 18.

§ 0. Introduction.
Let (X, L) be a polarized manifold, that is, a pair consisting of a smooth pro-

jective variety X and an ample line bundle L on X defined over an algebraically
closed field k. One of the most important problems concerning polarized man-
ifolds is to study properties of their adjoint bundles KX + mL, such as freeness,
very ampleness, or more generally, d-very ampleness introduced by Beltrametti and
Sommese ([12, 8.5], see also Definition 1.1). The last one is a natural generalization
of freeness and very ampleness. It is known that freeness (resp. very ampleness) is
equivalent to 0-very ampleness (resp. 1-very ampleness).

In the case where X is a complex surface, this problem has been studied by Reider
and Beltrametti and Sommese and now is known a fairly satisfactory numerical
criterion for KX + L to be d-very ample under the natural assumption that L2 ≥
4d + 6 ([27], [11]). This result, which is called the Reider type Theorem, has been
also generalized to a surface in positive characteristic to a large extent ([28], [24],
see also Theorem 1.3 for a special case).

However, from a somewhat different point of view, it is also interesting to study
when the adjoint line bundle is (d−1)-very ample but not d-very ample especially in
the case where d is small. This problem shares a similar flavour with a classification
problem of polarized manifolds whose adjoint bundle KX +mL are not nef for large
m ≤ dim X + 1.

The purpose of this paper is to study the problem especially for polarized abelian
surfaces (X, L) with L2 ≥ 4d+6 and to give explicit geometric descriptions of them
in the following four cases:

(1) d = 0 i.e. L is not free and char k is arbitrary (Theorem 2.1);
(2) d = 1 i.e. L is free but not very ample and char k �= 2 (Theorem 2.2);
(3) d = 2 and char k = 0 (Theorem 2.6);
(4) d = 3 and char k = 0 (Theorem 2.7).
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Theorem 2.1 is a generalization of the well known result ([21]) over C to an
arbitrary base field. Theorem 2.2 will give not only a generalization but also a
refinement of the result of Hulek-Lange ([19]) over C. Theorems 2.6 and 2.7 are
related to the works of Bauer-Szemberg ([4], [5]) and Terakawa ([29]) concerning
d-very ampleness of a polarized complex abelian surface.

A brief outline of this paper is as follows.
First we formulate the Reider type Theorem (Theorem 1.3) for a polarized

abelian surface in arbitrary characteristic. For Theorem 2.1 and 2.2, we apply
this to find an elliptic curve D and then make a fibration X → X/D. By examin-
ing this fibration, we obtain the results. Since Theorem 1.3 is characteristic free,
our argument should be also characteristic free for the most part. However, our
proof of Theorem 2.2 involves a double covering method in some part. This is the
reason why we assume char k �= 2 in Theorem 2.2. In order to prove Theorems 2.6
and 2.7, we make use of Theorem 1.5 due to Terakawa ([29]) instead of Theorem
1.3. Theorem 1.5 is much sharper than Theorem 1.3, while it is proved only in
characteristic 0. Even in positive characteristic, we may apply Theorem 1.3 to re-
strict possible candidates (X, L) for d = 2, 3. However in these cases, it is hard to
find out for which pairs L are really (d − 1)-very ample but not d-very ample. For
this reason, we assume char k = 0 in Theorems 2.6 and 2.7.
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§ 1. Preliminaries.

Definition 1.1. Let (X, L) be a polarized surface defined over k. Then L is called
d-very ample if for any 0-dimensional subscheme (Z,OZ) with lengthOZ = d + 1,
the map

Γ(L) → Γ(L ⊗OZ)

is surjective.

Lemma 1.2. Let X be an abelian surface over k, and L an ample line bundle on
X. Then h1(−L) = 0.

Proof. If char k = 0, then this is Kodaira’s Vanishing Theorem. If char k > 0, then
see e.g. Corollary 8 in [28].

Theorem 1.3. (Reider, Beltrametti-Sommese, Shepherd-Barron, Nakashima)
Let (X, L) be a polarized abelian surface defined over k with L2 ≥ 4d + 6. Then L
is d-very ample unless there exists an effective divisor D on X such that

LD − d − 1 ≤ D2 <
LD

2
< d + 1.
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Proof. If char k = 0, see [10]. If char k > 0, then by using Theorem 7 (i) in [28],
we can prove this Theorem by the same method as in the proof of Theorem 3.1 in
[24]. �
Proposition 1.4. Let (X, L) be a polarized surface over k. Assume that (1) L is
d-very ample and (2) k = C if d ≥ 2. Then LC ≥ d for any irreducible curve C on
X. If LC ≤ d + 1 for an irreducible reduced curve, then C ∼= P

1.

Proof. See Corollary (1.3) and Proposition (1.4) in [11].

Theorem 1.5. (Terakawa) Let (X, L) be a polarized abelian surface over C. Then
L is d-very ample if and only if L2 ≥ 4d + 6 and there exists no effective divisor D
satisfying the inequalities

LD ≤ 2g(D) + d − 1 ≤ 2d + 1.

Proof. Here we give the Terakawa’s proof for convenience. (See also Theorem 3.15
in [29].) By Theorem 1.3, we can easily prove the “if” part. So we prove the “only
if” part. Since X is an abelian surface, we obtain L2 = 2h0(L). By Lemma 2.8 in
[3] we have h0(L) ≥ 2d+3. Hence L2 ≥ 4d+6. Assume that there exists an effective
divisor D which satisfies the above inequalities. By Proposition 1.4, D is irreducible
and reduced. If d ≤ 1, then g(D) = 1 and D is a smooth elliptic curve since X is an
abelian surface. Furthermore we have LD ≤ d+1. But by Proposition 1.4, this is a
contradiction. If d ≥ 2, then it follows from Theorem 1.7 in [11] that g(D) ≥ d + 2
since LD ≤ 2g(D) + d− 1. Then we have 3d + 3 ≤ 2g(D) + d− 1 ≤ 2d + 1. This is
impossible. �
Remark 1.5.1. In [5], Bauer and Szemberg gave a precise criterion for an ample
line bundle of type (1, t) on an abelian surface with Picard number 1 to be d-very
ample.

Lemma 1.6. Let X be an abelian surface defined over k and let L be an ample
line bundle on X. Assume that (1) L is d-very ample and (2) k = C if d ≥ 2. If D
is an effective divisor on X such that D2 = 0 and LD ≤ d + 2, then D is a smooth
elliptic curve.

Proof. Assume that D is not irreducible. Then there exists an irreducible compo-
nent C of D such that LC ≤ d + 1. By Proposition 1.4 we get D ∼= P

1. But since
X is an abelian surface, this is impossible. By the same argument we can prove
that D is reduced. Since D2 = 0, we obtain that g(D) = 1. If D has a singular
point, then D is rational. But this is impossible because X is an abelian surface.
Therefore D is smooth. �
Lemma 1.7. Let X be an abelian surface defined over k. Assume that X contains
a smooth elliptic curve D. Then there exists an elliptic fibration f : X → C such
that C is a smooth elliptic curve, any fiber of f is smooth, and D is a fiber of f .

Proof. By a translation of D, we may assume that D contains the origin of X
and D is an abelian subvariety of X . Then there exist the quotient X/D and the
surjective homomorphism f : X → X/D. Then X/D is a smooth elliptic curve and
every fiber of f is isomorphic to the fiber over the origin of X/D which is D by
construction. �
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Lemma 1.8. Let X be an abelian surface over k. Assume that there exist a smooth
elliptic curve C and a surjective morphism f : X → C with connected fibers such
that f has a section S. Then X ∼= C × F , f is identified with the first projection
via this isomorphism, and S is a fiber of the second projection, where F is a fiber
of f .

Proof. We remark that f is an elliptic fibration such that any fiber of f is smooth.
Let S be a section of f . Then by Lemma 1.7, there exist a smooth elliptic curve
C′ and an elliptic fibration h : X → C′ such that any fiber of h is a smooth elliptic
curve and S is a fiber of h. Moreover any fiber of h (resp. f) is a section of f (resp.
h). In particular C′ ∼= F . Then there exists a morphism π : X → C ×C′ such that
f = p1 ◦ π and h = p2 ◦ π, where p1 (resp. p2) is the projection C ×C′ → C (resp.
C ×C′ → C′). We remark that π is bijective by construction. Let Ff = f∗(x) and
Fh = h∗(y), where x ∈ C and y ∈ C′. Then Ff = π∗ ◦ p∗1(x) and Fh = π∗ ◦ p∗2(y).
Then

1 = FfFh = (π∗ ◦ p∗1(x))(π∗ ◦ p∗2(y))

= deg(π)(p∗1(x)p∗2(y)).

Hence π is birational. Therefore by Zariski Main Theorem, we obtain that π is an
isomorphism. �
Lemma 1.9. Let X and Y be smooth projective surfaces over k and let π : X → Y
be a double covering. Assume that char k �= 2. Then the following hold.

(1) The branch locus of π is smooth and linearly equivalent to 2N for some
N ∈ Pic(Y ).

(2) KX = π∗(KY + N ).
(3) π∗OX

∼= OY ⊕N−1.
(4) hi(π∗L) = hi(L) + hi(L ⊗ N−1) for any nonnegative integer i and L ∈

Pic(Y ).
(5) χ(OX) = χ(OY ) + χ(N−1).

Proof. See Chap. V, § 22 in [2], (6.11) in [17], or [25]. �
Proposition 1.10. Let (X, L) be a polarized abelian surface defined over k. If
g(L) = 2, then (X, L) is one of the following:

(1) X ∼= J(B), and L is a translation of B, where B is a smooth projective
curve of genus two, and J(B) is the jacobian variety of B.

(2) X ∼= E1 × E2, and L = p∗1D1 ⊗ p∗2D2, where E1 and E2 are smooth elliptic
curves, pi : E1 × E2 → Ei is the i-th projection, and Di ∈ Pic(Ei) with
degD1 = degD2 = 1.

Proof. This is a corollary of Matsusaka-Ran’s criterion (see [15]). �
Lemma 1.11. Let B be a smooth projective curve of genus two and J(B) is the
jacobian variety. If a divisor A is numerically equivalent to B, then AN ≥ 2 for
any irreducible curve N .

Proof. By hypothesis, we may assume that A = B. If BN < 2 for some irreducible
curve N , then BN = 1 since B is ample. By Hodge index Theorem, we obtain
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N2 = 0 and N is a smooth elliptic curve because X is an abelian surface. By
Lemma 1.7, there exists an elliptic fibration f : X → C such that any fiber of f is
smooth and N is a fiber of f . But since BF = BN = 1, B is a section of f and
this is impossible because C is a smooth elliptic curve. �
§ 2. Main Results.

Theorem 2.1. Let (X, L) be a polarized surface defined over k. Then X is an
abelian surface and L is not spanned with L2 ≥ 6 if and only if X ∼= E1 × E2 and
L = p∗1D1 ⊗ p∗2D2 with degD1 = 1 and degD2 ≥ 3, where E1 and E2 are smooth
elliptic curves, pi : E1 × E2 → Ei is the i-th projection, and Di ∈ Pic(Ei) for
i = 1, 2.

Proof. We can easily prove the “if” part. So we prove the “only if” part. By
Theorem 1.3, there exists an effective divisor D on X such that LD = 1 and
D2 = 0. In particular, D is irreducible and reduced. Since X is an abelian surface
and g(D) = 1, D is a smooth elliptic curve. By Lemma 1.7, there exist a smooth
elliptic curve C and an elliptic fibration f : X → C such that any fiber of f is
smooth and D is a fiber of f . On the other hand, by Lemma 1.2 and Riemann-Roch
Theorem, we have h0(L) = L2/2 ≥ 3. Hence f has a section S since LF = LD = 1.
We remark that L = S + f∗B for some B ∈ Pic(C) with degB ≥ 3. By Lemma 1.8,
we get X ∼= C × F , f is the first projection via this isomorphism, and S is a fiber
of the second projection h : X → F , where F is a fiber of f .

This completes the proof of Theorem 2.1. �
Remark 2.1.1. If k = C, then Theorem 2.1 is well-known. (See e.g. [21].)

Theorem 2.2. Let (X, L) be a polarized surface over k with char k �= 2. Then X
is an abelian surface and L is spanned but not very ample with L2 ≥ 10 if and only
if (X, L) satisfies one of the following:
(1) X ∼= E1 × E2 and L = p∗1B1 ⊗ p∗2B2 with degB1 ≥ 3 and degB2 = 2.
(2) There exists a surjective morphism f : X → C with connected fibers such that C
is a smooth elliptic curve and any fiber of f is a smooth elliptic curve, and (X, L)
is one of the following:

(2-1) There exists an ample spanned vector bundle E of rank two on C such that
E = E ′ ⊗ M1 with degM1 ≥ 3, X is a double covering of P(E) whose
branch locus is smooth and linearly equivalent to −2KP(E), f = p ◦ π, and
L = O(T ) ⊗ f∗M1,

(2-2) X ∼= J(B) and L = OX(A) ⊗ f∗M2 such that A is a translation of B,
AF = 2 for a fiber F of f , and degM2 ≥ 2,

(2-3) X ∼= E1 × E2 and L = p∗1D1 ⊗ p∗2D2 ⊗ f∗M3 such that any fiber of pi is a
section of f for i = 1, 2, degD1 = degD2 = 1, and degM3 ≥ 2,

where in (1) and (2-3) E1 and E2 are smooth elliptic curves, pi : E1×E2 → Ei is the
i-th projection, Bi,Di ∈ Pic(Ei) for i = 1, 2, M3 ∈ Pic(C), in (2-1) E ′ = OC ⊕ L1

for L1 ∈ Pic(C) with L1 �∼= OC and 2L1
∼= OC , M1 ∈ Pic(C), p : P(E) → C is the

natural projection, π : X → P(E) is the double covering, and T is a smooth elliptic
curve with TF = 2 for a fiber F of f , and in (2-2) B is a smooth projective curve
of genus two, J(B) is the jacobian variety, and M2 ∈ Pic(C).

Proof. First we prove the “if” part. Then, clearly, X is an abelian surface.
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If (X, L) is the type (1) in Theorem 2.2, then it is easy to prove that L is spanned
but not very ample with L2 ≥ 10.

Assume that (X, L) is the type (2-1) in Therem 2.2. Then L2 ≥ 12. If L is
not spanned, then by Theorem 1.3 there exists an effective divisor D on X such
that LD = 1 and D2 = 0. Then D is irreducible and reduced. We remark that
T and f∗M1 are nef. Since degM1 ≥ 3 and LD = 1, D is a fiber of f . But
then TD = TF = 2 by assumption. Hence LD = 2 and this is a contradiction.
Therefore L is spanned. If L is very ample, then F ∼= P1 since LF = 2. Therefore
L is not very ample.

Assume that (X, L) is the type (2-2) in Therem 2.2. Then L2 ≥ 10. If L is not
spanned, then by Theorem 1.3, there exists an effective divisor D on X such that
LD = 1 and D2 = 0. But by Lemma 1.11, we get AD ≥ 2. Therefore LD ≥ 2 and
this is a contradiction. Hence L is spanned. We can also prove that L is not very
ample by the same argument as above.

Assume that (X, L) is the type (2-3) in Therem 2.2. Then L2 ≥ 10. If L is
not spanned, then by Theorem 1.3, there exists an effective divisor D on X such
that LD = 1 and D2 = 0. Then D is irreducible and reduced. Since LD = 1
and p∗1D1 ⊗ p∗2D2 is ample, we get (p∗1D1 ⊗ p∗2D2)D = 1 and (f∗M3)D = 0. In
particular, D is a fiber of p1 or p2. Hence by hypothesis, DF > 0 for a fiber F of
f . But this is a contradiction because (f∗M3)D = 0 with degM3 ≥ 2. Hence L
is spanned. We can also prove that L is not very ample by the same argument as
above.

Next we prove the “only if” part.

Step 1. X is a double covering of a P
1-bundle P(E) over a smooth elliptic curve

C whose branch locus is smooth and linearly equivalent to −2KP(E), and L =
π∗(H(E)), where E is an ample spanned vector bundle of rank 2 on C with deg E ≥ 5,
p : P(E) → C is the natural projection, H(E) is the tautological line bundle of P(E),
and π : X → P(E) is the double covering.

Proof of Step 1. Let (X, L) be a polarized abelian surface with L2 ≥ 10. Assume
that L is spanned but not very ample. Then by Theorem 1.3, there exists an
effective divisor D on X such that one of the following holds;

(1) LD = 1 and D2 = 0,
(2) LD = 2 and D2 = 0.

(We remark that D2 is even because X is an abelian surface.)
If LD = 1, then D ∼= P1 since L is spanned by assumption. But this is a contradic-
tion because X is an abelian surface. So we may assume that LD = 2 and D2 = 0.
Then by Lemma 1.6, D is a smooth elliptic curve. By Lemma 1.7, there exists an
elliptic fibration f : X → C such that C is a smooth elliptic curve, any fiber of f
is smooth, and D is a fiber of f . Since LFf = LD = 2 for any fiber Ff of f , there
exists a surjective map

f∗ ◦ f∗(L) → L.

We remark that f∗(L) is a locally free sheaf of rank 2 on C. Hence there exists a
morphism π : X → P(f∗(L)) such that f = p ◦ π, where p : P(f∗(L)) → C is the
natural projection. By construction π is a double covering. We put E := f∗(L).
Let B be the branch locus of π. Then B is smooth since X is smooth. By Lemma
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1.9, B ∈ |2Z| for some Z ∈ Pic(P(E)) and KX = π∗(KP(E) + Z). We remark that
by Lemma 1.9

h0(KX) = h0(KP(E) + Z) + h0(KP(E))

= h0(KP(E) + Z).

Hence h0(KP(E) + Z) = 1. Since KX = OX , we get KP(E) + Z ≡ 0. Therefore we
obtain that KP(E)+Z = OP(E) since h0(KP(E)+Z) = 1. So we have B ∈ |−2KP(E)|.
By construction L = π∗(H(E)), where H(E) is the tautological line bundle of P(E).
Since π is finite, H(E) is ample and so is E . We have deg E = H(E)2 ≥ 5. We
remark that by Lemma 1.9

h0(L) = h0(H(E)) + h0(H(E) + KP(E))

= h0(H(E)).

Hence we obtain that H(E) is spanned since L = π∗(H(E)) and L is spanned.
This completes the proof of Step 1. �

Step 2. Here we study the existence of a smooth member of | − 2KP(E)|.
Proposition 2.3. Let E be a vector bundle of rank 2 with deg E ≥ 5 on a smooth
elliptic curve C over k. Let P(E) be the projective bundle.
(α) Assume that char k = 0. Then there exists a smooth member of | − 2KP(E)| if
and only if there exists a vector bundle E ′ on C and a line bundle M on C such
that E ∼= E ′ ⊗M, and E ′ and M satisfy one of the following three types;

(A) E ′ ∼= OC ⊕OC and degM ≥ 3,
(B) E ′ ∼= OC ⊕ L1 and degM ≥ 3, where L1 ∈ Pic(C) with L1 �∼= OC and

2L1
∼= OC ,

(C) there exists a nontrivial extension

0 → OC → E ′ → L2 → 0

and degM ≥ 2, where L2 ∈ Pic(C) with degL2 = 1.
(β) Assume that char k > 0. If there exists a smooth member of | − 2KP(E)|, then
there exists a vector bundle E ′ on C and a line bundle M on C such that E ∼= E ′⊗M,
and E ′ and M satisfy one of the above three types.

Proof. (α) Assume that char k = 0. By Proposition III.15 (ii) in [6], there exist a
vector bundle E ′ of rank 2 on C and a line bundle M on C such that E = E ′ ⊗M
and E ′ satisfies one of the following three types;

(1) E ′ ∼= OC ⊕L1, where L1 ∈ Pic(C) with degL1 ≤ 0.
(2) There exists a nontrivial extension

0 → OC → E ′ → OC → 0.

(3) There exists a nontrivial extension

0 → OC → E ′ → L2 → 0,

where L2 ∈ Pic(C) with degL2 = 1.
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It suffices to consider the existence of a smooth member of | − 2KP(E′)|. Let p :
P(E ′) → C be the natural projection and H(E ′) the tautological line bundle of
P(E ′).
(I) The case in which E ′ satisfies (1).
(I-i) The case in which degL1 < 0.
Then −2KP(E′) = 4H(E ′) − 2p∗L1 and h0(−KP(E′)) > 0. Let C0 ∈ |H(E ′)|. Then

−2KP(E′)C0 = (4H(E ′) − 2p∗L1)C0

= 4 degL1 − 2 degL1

= 2 degL1

< 0.

Hence C0 is a fixed component of | − 2KP(E′)|.
Next we have

(−2KP(E′) − C0)C0 = (3H(E ′) − 2p∗L1)C0

= 3 degL1 − 2 degL1

= degL1

< 0.

Hence C0 is a fixed component of | − 2KP(E′) − C0|. Therefore 2C0 is contained in
the fixed part of | − 2KP(E′)|. Hence there does not exist any smooth member of
| − 2KP(E′)|.
(I-ii) The case in which degL1 = 0.

If L1
∼= OC , then E ′ ∼= OC ⊕OC and −2KP(E′) = 4H(E ′). Since E ′ is spanned,

we obtain that 4H(E ′) is spanned and there exists a smooth member of |−2KP(E′)|.
In this case, degM ≥ 3 since deg E ≥ 5. This is the type (A).

Next we consider the case in which L1 �∼= OC . Then −2KP(E′) = 4H(E ′) −
2p∗(L1). So we obtain that

h0(−2KP(E′)) = h0(4H(E ′) − 2p∗(L1))

= h0(S4(E ′) − 2L1)

= h0(−2L1) + h0(−L1) + h0(OC) + h0(L1) + h0(2L1).

If 2L1 �∼= OC , then h0(L1) = h0(−L1) = 0 and h0(2L1) = h0(−2L1) = 0. Hence
h0(−2KP(E′)) = 1. On the other hand,

h0(−KP(E′)) = h0(2H(E ′) − p∗(L1))

= h0(S2(E ′) − L1)

= h0(−L1) + h0(OC) + h0(L1)
= 1.

Hence the member of | − 2KP(E′)| is not smooth.
So we assume that 2L1

∼= OC . Then h0(−2KP(E′)) = 3.
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Claim 2.4. | − 2KP(E′)| has no fixed part.

Proof. Let C0 ∈ |H(E ′)|. Then any irreducible curve on P(E ′) is numerically equiv-
alent to aC0 + bF with a ≥ 0 and b ≥ 0. In particular, there exists no fiber of p
which is contained in a member of | − 2KP(E′)| because degL1 = 0. Let Z be the
fixed part of | − 2KP(E′)|. Assume that Z �= 0. Then Z = αH(E ′) + p∗(N ), where
1 ≤ α ≤ 3 and N ∈ Pic(C) with degN = 0. Here we calculate h0(−2KP(E′) − Z).
If α = 3, then

h0(−2KP(E′) − Z) = h0(−L1 −N ) + h0(−N ).

If α = 2, then we have

h0(−2KP(E′) − Z) = h0(−L1 −N ) + 2h0(−N ).

If α = 1, then we obtain

h0(−2KP(E′) − Z) = 2h0(−L1 −N ) + 2h0(−N ).

If N ∼= OC , then h0(−2KP(E′) − Z) ≤ 2 for 1 ≤ α ≤ 3 and this is a contradiction.
If N �∼= OC and L1 ⊗N ∼= OC , then h0(−2KP(E′) − Z) ≤ 2 for 1 ≤ α ≤ 3 and this
is a contradiction. If N �∼= OC and L1 ⊗N �∼= OC , then h0(−2KP(E′) − Z) = 0 for
1 ≤ α ≤ 3 and this is a contradiction. Hence this completes the proof of Claim
2.4. �

Hence | − 2KP(E′)| is base point free since (−2KP(E′))2 = 0. Hence there exists
a smooth member of | − 2KP(E′)| by Bertini’s Theorem. In this case, degM ≥ 3
since deg E ≥ 5. This is the type (B).
(II) The case in which E ′ satisfies (2).
Then −2KP(E′) = 4H(E ′). Here we prove that h0(4H(E ′)) = 1. Assume that
h0(4H(E ′)) ≥ 2. Let C0 be a section of p : P(E ′) → C such that H(E ′) ∼= OP(E′)(C0).
In particular C2

0 = 0 in this case. If D is an irreducible and reduced curve on P(E ′),
then D ≡ aC0 + bFp with a ≥ 0 and b ≥ 0, where Fp is a fiber of p. Therefore
any irreducible component of |4H(E ′)| is numerically equivalent to tC0 with t ∈ N.
Let |M | be the movable part of |4H(E ′)|. Then there exists a curve B such that
B is an irreducible component of a member of |M |, B �= C0, and B ≡ tC0 for
some t ∈ N. In particular, BC0 = 0. Let π := p|B : B → C. Then there exists a
morphism π′ : P(π∗E ′) → P(E ′) such that π ◦ p′ = p ◦ π′, where p′ : P(π∗E ′) → B
is the natural projection. Since P(π∗E ′) has two disjoint sections, we obtain that
the vector bundle π∗E ′ is decomposable. Hence E ′ is decomposable. But this is a
contradiction by hypothesis. Therefore h0(4H(E ′)) = 1. But since h0(H(E ′)) = 1
and h0(4H(E ′)) = 1, the member of | − 2KP(E′)| is not smooth.
(III) The case in which E ′ satisfies (3).
Then by p.451 in [1], the projective bundle P(E ′) over C is isomorphic to S2(C),
where S2(C) is the 2-fold symmetric product of C. In this case, we use the same
argument as that in (0.15) in [8]. Let V = C × C. Let π : V → S2(C) be the
quotient morphism, φ : C → P1 a morphism defined by a linear system |OC(2x)|
on C for some x ∈ C and let {x0, x1, x2, x3} be the set of ramification points of
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φ. We take x0 as the origin of C. Then there exists a morphism τ : S2(C) → P
1

such that τ ◦ π = φ ◦ s, where s : V → C is the difference map (x, y) �→ x − y.
Furthermore τ is an elliptic fibration. Then singular fibers of τ are exactly the 3
fibers over {y1, y2, y3}, where yi = φ(xi) for i = 1, 2, 3. Moreover τ−1(yi) = 2Fi for
a smooth elliptic curve Fi. By the canonical bundle formula, we get

KS2(C) = τ∗OP1(−2) ⊗OS2(C)(F1) ⊗OS2(C)(F2) ⊗OS2(C)(F3).

Hence −2KS2(C) = τ∗OP1(1) is spanned. Therefore there exists a smooth member
of | − 2KP(E′)| by Bertini’s Theorem. In this case, degM ≥ 2 because deg E ≥ 5.
This is the type (C).
(β) If char k > 0, then by the same argument as in the case where char k = 0 we
can prove (β) in Proposition 2.3.

This completes the proof of Proposition 2.3. �
Step 3. By using the results of Step 1 and Step 2, we prove the “only if” part of
Theorem 2.2. We use the notations in Step 1 and Step 2. By Proposition 2.3, if
there exists a smooth member of | − 2KP(E)|, then there exists a vector bundle E ′

on C and a line bundle M on C such that E ∼= E ′ ⊗M, and E ′ and M satisfy one
of the three types in Proposition 2.3.

Let ι : P(E) → P(E ′) be the isomorphism such that p = p′ ◦ ι. Let π′ = ι ◦ π.
(1) The case in which E ′ is the type (A) or (B) in Proposition 2.3.
Let C0 ∈ |H(E ′)|. Then C0 is an irreducible reduced curve by Proposition 2.8 in
[18]. Let B be a branch locus of π′. We remark that −2KP(E′) = 4H(E ′). Since
−2KP(E′)C0 = 0, we get C0 ⊂ B or C0 ∩ B = ∅.
(1-1) The case in which C0 ⊂ B.
Then (π′)∗(C0) = 2B1. Since LF = 2 for a fiber F of f and B1 is not contained in a
fiber of f , B1 is a section of f . Hence by Lemma 1.8, X ∼= C ×F and f is identified
with the first projection, and B1 is a fiber of the second projection h : C ×F → F .
So we get

L = π∗H(E) ∼= π∗ ◦ p∗(M) ⊗ (π′)∗H(E ′)
∼= f∗M⊗ (π′)∗OP(E′)(C0)
∼= f∗M⊗ h∗P,

where P ∈ Pic(F ) with degP = 2. Therefore we get the type (1) in Theorem 2.2.
(1-2) The case in which C0 ∩ B = ∅. Then we obtain one of the following:
(1-2-1) (π′)∗(C0) = B2,
(1-2-2) (π′)∗(C0) = B3 + B4,
where Bi is an irreducible reduced curve for i = 2, 3, 4 with B3 �= B4.
First we consider the case (1-2-1).

Claim 2.5. If (π′)∗(C0) = B2, then E ′ is the type (B) in Proposition 2.3.

Proof. We remark that B2 is a smooth elliptic curve. Hence by Lemma 1.7, there
exists a surjective morphism f1 : X → C1 such that C1 is a smooth elliptic curve
and B2 is a fiber of f1. Hence h0((π′)∗(C0)) = h0(B2) = 1. On the other hand, by
Lemma 1.9, we have h0((π′)∗(C0)) = h0(H(E ′)). Hence h0(H(E ′)) = 1. Therefore
E ′ is the type (B) in Proposition 2.3. This completes the proof of Claim 2.5. �
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Since L = (π′)∗(C0)⊗f∗M, we obtain the type (2-1) in Theorem 2.2. We remark
that B2F = 2 for a fiber F of f .
Next we consider the case (1-2-2).
If (π′)∗(C0) = B3 + B4, then we get B2

3 = B2
4 = 0 and B3B4 = 0. Since B3 and

B4 are not contained in a fiber of f , we get that B3F = B4F = 1 for a fiber F of
f because (π′)∗(C0)F = 2. Hence B3 and B4 are sections of f . Hence by Lemma
1.8, we get that X ∼= C × F , f is identified with the first projection, and Bi is a
fiber of the second projection h : X → F for i = 3, 4. Hence by the same argument
as the case (1-1), we obtain L = f∗M⊗ h∗P ′, where P ′ ∈ Pic(F ) with degP ′ = 2.
Therefore we get the type (1) in Theorem 2.2.
(2) The case in which E ′ is the type (C) in Proposition 2.3.
Then H(E ′) is ample with H(E ′)2 = 1. We put OX(A) = (π′)∗(H(E ′)). Then
AF = 2 for a fiber F of f . Since A2 = 2 and X is an abelian surface, we obtain
g(A) = 2 and we get that (X, A) is one of the type (1) or (2) in Proposition 1.10.
We remark that L = (π′)∗(H(E ′)) ⊗ f∗M = OX(A) ⊗ f∗M. If (X, A) is the type
(2) in Proposition 1.10, then any fiber of f is not contained in a fiber of pi and any
fiber of pi is a section of f for i = 1, 2 since AF = 2 . Therefore if (X, A) is the
type (1) (resp. (2)) in Proposition 1.10, then we get the type (2-2) (resp. (2-3)) in
Theorem 2.2. This completes the proof of Theorem 2.2. �
Remark 2.2.1.
(1) In [19], Hulek and Lange proved the same result as Step 1 in the proof of
Theorem 2.2 in some special case of an abelian surface over C.
(2) Assume that char k = 0. Then the types (1), (2-1), (2-2), and (2-3) in Theorem
2.2 do really exist.

We can easily prove the existence of the type (1) in Theorem 2.2.
Next we consider the type (2-3) in Theorem 2.2. Let E be a smooth elliptic

curve and let X := E × E. Let D be a diagonal of X . We remark that D is a
smooth elliptic curve. Then we put L = p∗1D1 + p∗2D2 + tD, where pi : E ×E → E
is the i-th projection, and t is an integer which is greater than 1. Then by Lemma
1.7, this (X, L) is the type (2-3) in Theorem 2.2.

Next we consider the case (2-1) in Theorem 2.2. Let C be a smooth elliptic
curve. Let E ′ := OC ⊕ L1, where L1 ∈ Pic(C) with L1 �∼= OC and 2L1

∼= OC . By
the proof of Proposition 2.3, we obtain that Bs | − 2KP(E′)| = ∅. Let C0 ∈ |H(E ′)|
be an irreducible reduced curve, where H(E ′) is the tautological line bundle. We
remark that −2KP(E′) = 4H(E ′). Since h0(4H(E ′)) = 3 > 2 = h0(3H(E ′)), there
exists a smooth member B ∈ | − 2KP(E′)| such that B �⊃ C0 by Bertini’s Theorem.
Hence C0 ∩ B = ∅. Let π′ : X → P(E ′) be the double covering whose branch locus
is B. By Lemma 1.9, we have

h0((π′)∗H(E ′)) = h0(H(E ′)) + h0(H(E ′) + KP(E′))

= h0(H(E ′))
= 1.

Hence h0((π′)∗(C0)) = h0((π′)∗(H(E ′))) = 1. Assume that (π′)∗(C0) = B3 + B4,
where B3 and B4 are irreducible reduced curves with B3 �= B4. We remark that
B2

3 = B2
4 = 0 and B3B4 = 0. We put f := p′ ◦ π′, where p′ : P(E ′) → C is the
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natural projection. Then since B3F = B4F = 1 for a fiber F of f , we obtain that
X ∼= C×F , f is the first projection via this isomorphism, and B3 and B4 are fibers
of the second projection h : X → F . Hence B3 + B4 = h∗(P) for P ∈ Pic(F ) with
degP = 2. So we have h0((π′)∗(C0)) = h0(B3 + B4) = h0(h∗P) = 2 since F is
a smooth elliptic curve. This is a contradiction. Hence (π′)∗(C0) is an irreducible
reduced curve. We put L = (π′)∗H(E ′)⊗f∗M, where M ∈ Pic(C) with degM ≥ 3.
Then this (X, L) is the type (2-1) in Theorem 2.2.

Next we consider the type (2-2) in Theorem 2.2. Let C be a smooth elliptic curve
and let E ′ be a locally free sheaf of rank 2 on C such that there exists a nontrivial
extension

0 → OC → E ′ → L2 → 0

for L2 ∈ Pic(C) with degL2 = 1. Then by the proof of Proposition 2.3, we
obtain that Bs | − 2KP(E′)| = ∅. Let C0 be an irreducible reduced curve such that
C0 ∈ |H(E ′)|. We remark that −2KP(E′) = 4H(E ′)− (p′)∗(2 detE ′), and deg E ′ = 1,
where p′ : P(E ′) → C is the natural projection. By Theorem 1.2 in [13], we get
h0(3H(E ′) − (p′)∗(2 detE ′)) = 0. On the other hand, we have h0(−2KP(E′)) = 2
and h0(−2KP(E′)|C0) = 2. Hence the map

H0(−2KP(E′)) → H0(−2KP(E′)|C0)

is an isomorphism. Hence, by Bertini’s Theorem, there exists a smooth member B
of |−2KP(E′)| such that B|C0 is smooth. Because BC0 = 2, we get B|C0 = P1 +P2,
where P1 and P2 are distinct points on C0. Let π′ : X → P(E ′) be the double
covering whose branch locus is B. Assume that (π′)∗(C0) = B1 +B2 for irreducible
reduced curves B1 and B2 with B1 �= B2. We put A := (π′)∗(C0). Then A is
ample and g(A) = 2. Hence by Proposition 1.10, we get that X ∼= E1 × E2 and
Bi is a fiber of the i-th projection for i = 1, 2. In particular, B1B2 = 1. Hence
B1 ∩ B2 is a point. But since B|C0 = P1 + P2, we get 	(B1 ∩ B2) ≥ 2. This is a
contradiction. Hence A is an irreducible reduced curve. Therefore by Proposition
1.10, we get that X ∼= J(B) and A is a translation of B on J(B), where B is a
smooth projective curve of genus two and J(B) is the jacobian varieties. We put
L = OX(A)⊗ (p′ ◦π′)∗M for M ∈ Pic(C) with degM ≥ 2. This (X, L) is the type
(2-2) in Theorem 2.2.

Theorem 2.6. Let (X, L) be a polarized surface over C. Then X is an abelian
surface and L is very ample but not 2-very ample with L2 ≥ 14 if and only if X is a
smooth irreducible divisor on a P2-bundle P(E) over a smooth elliptic curve C such
that X ∈ | − KP(E)| and f := p|X : X → C is surjective with connected fibers, and
L = H(E)|X, where E is a locally free sheaf of rank 3 on C with 7 ≤ e := deg E and
h0(E) = e, H(E) is the tautological line bundle, and p : P(E) → C is the natural
projection.

Proof. First we prove the “if” part. By assumption, X is smooth, f : X → C
is a surjective morphism with connected fibers, and KX = (KP(E) + X)|X = OX .
Hence pg(X) = 1. Since g(C) = 1, we have q(X) = 2 by the classification theory
of surfaces. Therefore X is an abelian surface. Next we prove that L is ample. We
remark that h0(H(E)) = h0(E) = e ≥ 7. If X ⊂ D for some D ∈ |H(E)|, then
D − X ≥ 0. But since D − X = H(E) + KP(E) = −2H(E) + p∗(det E), a divisor
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(D − X)|Fp
= −2H(E)|Fp

is not effective for a general fiber Fp of p. This is a
contradiction. Hence X �⊂ D for any D ∈ |H(E)| and D|X is an effective divisor on
X . On the other hand, (D|X)2 = 2e ≥ 14. Hence D|X , that is, L is ample.

Next we prove that L is very ample. If L is not very ample, then by Theorem
2.1 and Step 1 in the proof of Theorem 2.2, (X, L) is one of the following types;
(A) X ∼= E1 × E2 and L = p∗1D1 ⊗ p∗2D2, where Ei is a smooth elliptic curve,
pi : X → Ei is the i-th projection and Di ∈ Pic(Ei) for i = 1, 2 with degD1 = 1
and degD2 ≥ 7.
(B) X is a double covering of a P1-bundle P(F) over a smooth elliptic curve E whose
branch locus is smooth and linearly equivalent to −2KP(F), and L = π∗(H(F)),
where F is an ample spanned vector bundle of rank 2 on E with degF ≥ 7,
r : P(F) → E is the natural projection, and π : X → P(F) is the double covering.

Let F be a fiber of f . Then we remark that

LF = (H(E)|X)(Fp|X)

= (H(E))(−KP(E))(Fp)

= (H(E))(3H(E)− p∗(det(E)))(Fp)
= 3.

(1) The case in which (X, L) is the type (A).
Since LF = 3 and L = p∗1D1 ⊗ p∗2D2 with degD1 = 1 and degD2 ≥ 7, any fiber
of f is contained in a fiber of p2. Hence there exists a morphism δ : C → E2 such
that p2 = δ ◦ f . Since f and p2 have connected fibers, δ is an isomorphism. But
this is impossible because LF = 3 and LF2 = 1, where F2 is a fiber of p2.
(2) The case in which (X, L) is the type (B).
Let h : X → E be the morphism r ◦ π. Then h has connected fibers. Let Fh be a
fiber of h. If FhF > 0, then (Fh+F )2 ≥ 2. Since L2 ≥ 14, we obtain (L(Fh+F ))2 ≥
L2(Fh + F )2 ≥ 28 by Hodge index Theorem. But this is a contradiction because
L(Fh + F ) = 5. Hence FhF = 0 and any fiber F of f is contained in a fiber of h.
So there exists a morphism δ′ : C → E such that h = δ′ ◦ f . Since f and h have
connected fibers, δ′ is an isomorphism. But this is impossible becuse LF = 3 and
LFh = 2.
By the above argument (1) and (2), we obtain that L is very ample. Since LF = 3,
L is not 2-very ample by Theorem 1.5.

Next we prove the “only if” part. Let X be an abelian surface and let L be
very ample but not 2-very ample with L2 ≥ 14. By Theorem 1.3, if L is not 2-very
ample, then there exists an effective divisor D on X such that

LD − 3 ≤ D2 <
LD

2
< 3.

We remark that D2 is even because X is an abelian surface. So the following is
possible.

(1) LD = 5 and D2 = 2,
(2) LD = 3 and D2 = 0.
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If LD = 5 and D2 = 2, then (LD)2 = 25 < 28 ≤ (L2)(D2). This is impossible by
Hodge index Theorem. So D is an effective divisor with LD = 3 and D2 = 0. By
Lemma 1.6, D is a smooth elliptic curve. By Lemma 1.7, there exists an elliptic
fibration f : X → C such that any fiber of f is smooth and D is a fiber of f ,
where C is a smooth elliptic curve. Since LF = LD = 3, there exists a surjective
morphism

f∗ ◦ f∗(L) → L.

Hence there exists a morphism ι : X → P(E) such that f = p ◦ ι, where E := h∗(L)
is a locally free sheaf of rank 3 on C and p : P(E) → C is the projection. We
put e := deg E . By construction ι is an embedding and L = H(E)|X . Since
OX = KX = (KP(E) + X)|X , we obtain that X ∈ |3H(E) + p∗(D)| for some
D ∈ Pic(C). Since

f∗(D + det E) ∼= p∗(D + det E)|X
= OX ,

we obtain D + det E ∼= OC . Therefore X ∈ |3H(E) − p∗(det E)| = | − KP(E)|.
Furthermore we have

14 ≤ L2 = (H(E)|X)2

= H(E)2(3H(E) − p∗(det E))
= 2e,

and

h0(E) = h0(f∗(L)) = h0(L) =
L2

2
= e.

This completes the proof of Theorem 2.6. �
By Theorem 2.6, it is necessary to study a vector bundle E of rank three on a

smooth elliptic curve such that |−KP(E)| has a smooth irreducible divisor. We hope
this will be treated in a future paper.

Theorem 2.7. Let (X, L) be a polarized surface over C. Then X is an abelian
surface and L is 2-very ample but not 3-very ample with L2 ≥ 18 if and only if
(A) X ∼= J(B) for some smooth curve B of genus 2 and L ≡ 3B, where J(B) is
the Jacobian variety of B, or
(B) (X, L) satisfies (B-1) and (B-2):
(B-1) X is a smooth subvariety of a P3-bundle P(E) over a smooth elliptic curve C
and L = H(E)|X such that f := p|X is surjective with connected fibers, any fiber F
of f is smooth, F is a complete intersection of two quadrics in P3, and the conormal
sheaf of X in P(E) is f∗F ⊗ O(−2L), where E is a vector bundle of rank 4 on C
with e := deg E ≥ 9 and h0(E) = e, H(E) is the tautological line bundle of P(E),
p : P(E) → C is the natural projection, and F is a vector bundle of rank 2 on C
with det E = detF .
(B-2) (X, L) �∼= (E1×E2, p

∗
1D1⊗p∗2D2⊗OX(S)) with 1 ≤ degD1 ≤ 4 and degD2 = 2,

where E1 and E2 are smooth elliptic curves, pi : E1×E2 → Ei is the i-th projection
and Di ∈ Pic(Ei) for i = 1, 2, and S is a section of p1 with degD1 + SE1 = 4.

Proof. First we prove the “if” part. We consider the case in which X ∼= J(B) for
some smooth curve B of genus 2 and L ≡ 3B. Hence L is 2-very ample by Theorem
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1.5 and Lemma 1.11. Furthermore by Theorem 1.5, L is not 3-very ample because
LB = 6 and g(B) = 2.

Next we consider the case in which (X, L) is the type (B). We remark that f is
surjective with connected fibers. By assumption we have

KX = KP(E)|X − f∗ detF + 4L

= f∗(det E − detF)
= OX .

Since g(C) = 1, we have q(X) = 2 by the classification theory of surfaces. Hence X
is an abelian surface. We remark that f∗(L) = E . Hence h0(E) = h0(L). By Leray
spectral sequence we obtain h1(L) = h1(f∗(L)) since h1(LF ) = 0 for any fiber F of
f . By Riemann-Roch Theorem for E on C, we have

h0(L) = h0(E) = h1(E) + rank(E)(1 − g(C)) + deg E
≥ deg E
≥ 9.

Since X is an abelian surface and h0(L) ≥ 9, we obtain L2 ≥ 0. Assume that L2 = 0.
Then by Riemann-Roch Theorem for L on X , we have χ(L) = 0. Since h0(L) ≥ 9,
we obtain h2(L) = 0. Therefore h0(L) = h1(L). But since h0(E) − h1(E) =
h0(L) − h1(L), we obtain deg E = χ(E) = 0 by Riemann-Roch Theorem for E
on C. This is a contradiction by assumption. Hence L2 > 0. Therefore L is
ample. By Riemann-Roch Theorem for L on X , we have L2 = 2h0(L). Since
h1(E) = h1(L) = 0, we obtain h0(E) = deg E . Hence L2 = 2 deg E ≥ 18. Next we
will prove that L is 2-very ample. Assume that L is not 2-very ample. Then by
Theorem 2.1, Theorem 2.2, and Theorem 2.6, there exists a fiber space h : X → C′

such that 1 ≤ LFh ≤ 3, where C′ is a smooth elliptic curve and Fh is a fiber of h.
Assume that FfFh > 0 for a fiber Ff of f .

Claim 2.8. If FfFh = 1, then X ∼= Ff × Fh and L ∼= p∗fDf ⊗ p∗hDh ⊗OX(S) with
1 ≤ degDf ≤ 4 and degDh = 2, where pf (resp. ph) is the projection Ff ×Fh → Ff

(resp. Ff × Fh → Fh), Df ∈ Pic(Ff ), Dh ∈ Pic(Fh), and S is a section of pf with
degDf + SFf = 4.

Proof. Since FfFh = 1, we can easily prove that X ∼= Ff × Fh. If LFh ≤ 2, then
L(Ff +Fh) ≤ 6. Since L2 ≥ 18 and (Ff +Fh)2 = 2, we obtain that L ≡ 3(Ff +Fh)
by Hodge index Theorem. But then LFf = 3. This is a contradiction. Hence
LFh = 3. We put d′ = L2/2. Since L(Ff + Fh) = 7, we obtain L2 ≤ 24 by
Hodge index Theorem. So we have 9 ≤ d′ ≤ 12. On the other hand, we get
h0(L−2Ff ) > 0. Since (L−2Ff )Fh = 1, there exist a section S of pf , Bf ∈ Pic(Ff ),
and Bh ∈ Pic(Fh) with degBh = 2 such that L = p∗fBf ⊗ p∗hBh ⊗ OX(S). Let
a = degBf and b = SFf . We remark that S2 = 0. Since L2 = 2d′ and LFf = 4,
we obtain 3a + 2b = d′ and a + b = 4. So we have a = d′ − 8. Since 9 ≤ d′ ≤ 12,
we obtain (d′, a, b) = (9, 1, 3), (10, 2, 2), (11, 3, 1), and (12, 4, 0). This completes the
proof of Claim 2.8 by putting Df = Bf and Dh = Bh. �

But by assumption (B-2), FfFh = 1 case cannot occur. So we have FfFh ≥ 2.
By assumption we have LFf = 4. Since L(Ff + Fh) ≤ 7 and L2 ≥ 18, we obtain
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(L(Ff + Fh))2 ≤ 49 < 72 ≤ L2(Ff + Fh)2. But this is impossible by Hodge index
Theorem.

If FfFh = 0, then h(Ff ) is a point for any fiber Ff of f and there exists a
morphism δ : C → C′ such that h = δ ◦ f . Since f and h have connected fibers, δ
is an isomorphism. But this cannot occur since LFh ≤ 3 and LFf = 4. Hence L is
2-very ample.

Next we will prove that L is not 3-very ample. Since there exists an effective
divisor Ff on X such that LFf = 4 and F 2

f = 0, L is not 3-very ample by Theorem
1.5.

Next we prove the “only if” part. Let X be an abelian surface and let L be
2-very ample but not 3-very ample with L2 ≥ 18. By Theorem 1.3 and Proposition
1.4, there exists an effective divisor D on X with (LD, D2) = (6, 2), (5, 2), or (4, 0).
(We remark that D2 is even and X has no rational curve.)
(I) The case in which (LD, D2) = (5, 2).
This case cannot occur by Hodge index Theorem.
(II) The case in which (LD, D2) = (6, 2).
Then by Hodge index Theorem, we obtain L ≡ 3D. We remark that D is ample.
Since g(D) = 2, by Proposition 1.10 we have

(1) X ∼= J(B) and D ≡ B, where B is a smooth curve of genus 2 and J(B) is
the Jacobian variety of B.

(2) X ∼= E1 × E2 and D = F1 + F2, where Ei is an elliptic curve and Fi is a
fiber of pi : X → Ei for i = 1, 2.

If X ∼= E1 × E2 and D = F1 + F2, then L ≡ 3(F1 + F2). But since LFi = 3, we
obtain that L is not 2-very ample by Theorem 1.5. Hence this case cannot occur.
So we get the type (A) in Theorem 2.7.
(III) The case in which (LD, D2) = (4, 0).
By Lemma 1.6, D is a smooth ellitic curve. By Lemma 1.7, there exists an elliptic
fibration f : X → C such that C is a smooth elliptic curve, any fiber of f is smooth,
and D is a fiber of f . Since LFf = LD = 4, we have the surjective map

f∗ ◦ f∗(L) → L,

where Ff is a fiber of f . We put E = f∗(L). Then E is a vector bundle of rank
4 on C. Hence there exists a morphism ι : X → P(E) such that f = p ◦ ι, where
p : P(E) → C is the natural projection. By construction, ι is an embedding. So X is
a smooth subvariety of P(E). Let H(E) be the tautological line bundle of P(E). Then
L = H(E)|X . Since L is ample, we obtain h0(L) = (1/2)(L2) ≥ 9 and h1(L) = 0.
On the other hand by Leray spectral sequence we have h1(L) = h1(f∗(L)) = h1(E).
Hence h0(E) = χ(E) = deg E by Riemann-Roch Theorem for E on C. Therefore
deg E = h0(E) = h0(L) ≥ 9. We remark that any fiber Ff of f is a complete
intersection of two quadrics of P3 by construction. Let I be the ideal sheaf of X in
P(E). Then there exists an exact sequence

0 → I ⊗ 2H(E) → 2H(E) → OX(2L) → 0.

Since R1p∗(I ⊗ 2H(E)) = 0, the above exact sequence yields an exact sequence

0 → p∗(I ⊗ 2H(E)) → S2(E) → f∗OX(2L) → 0.
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We put F = p∗(I ⊗ 2H(E)). We remark that F is a vector bundle of rank 2 on C.
Let C := I/I2 be the conormal sheaf of X in P(E). Then F = f∗(C ⊗ OX(2L)).
So we have C = f∗F ⊗ OX(−2L). Since KX = KP(E)|X − f∗ detF + 4L and X
is an abelian surface, we obtain that OX = f∗(det E − detF). Hence we have
det E = detF . So we get that (X, L) satisfies (B-1).

Assume that X ∼= E1 ×E2 and L = p∗1D1 ⊗ p∗2D2 ⊗OX(S) with 1 ≤ degD1 ≤ 4,
degD2 = 2, and degD1 + SE1 = 4, where E1 and E2 are smooth elliptic curves,
pi : E1 × E2 → Ei is the i-th projection and Di ∈ Pic(Ei) for i = 1, 2, and S is a
section of p1. Then LE2 = 3 and L is not 2-very ample by Theorem 1.5. Hence
this case is impossible. Therefore (X, L) satisfies (B-2).

This completes the proof of Theorem 2.7. �
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