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There are several ways to define Zp:

(1) Zp is the completion of Z with respect to the p-adic metric dp.
(2) Zp is the projective limit lim

←−k
(Z/pkZ).

(3)
Zp = {[0.a0a1a2...]p; ai ∈ {0, 1, 2, 3, . . . , p− 1}}

Definition 4.1. We equip

lim
←−

k

(Z/pkZ) = {(bj)
∞

j=1; bj ∈ Z/pjZ, (bj1 modulo pj2) = bj2 whenever j1 > j2}

with the following “p-addic norm”.

|(bj)|p =

{

1

pk if bk = 0 and bk+1 6= 0

0 if (bj) = 0

Then we define “p-addic metric” dp on lim
←−k

Z/pkZ in an obvious way.

Lemma 4.2. A natural map ι : (Z, dp) → (lim
←−k

(Z/pkZ), dp) defined

by

ι : Z ∋ n 7→ (n, n, n . . . ) ∈ lim
←−

k

(Z/pkZ)

is an isometry.

Exercise 4.1. Prove the lemma above.


